Let M be a connected sum of r closed aspherical manifolds of dimension n > 3, and let EM denote the space of self-homotopy-equivalences of M, with basepoint the identity map of M. Using obstruction theory, we calculate irq(EM) for 1 < q < n -3 and show that ir"_2(EM) is not finitely-generated. As an application, for the case n = 3 and r > 3 we show that infinitely many generators of ir,(£A/3, idM) can be realized by isotopies, to conclude that w,(Homeo(M3), idM) is not finitely-generated.
center(77,(A')) while *¡(EX) = 0 for / > 2. It follows that «,•(£"*) = 0 for y > 1. The other case is that of the «-sphere S", for which w?(F5") = [S9; Maps(5", S")] S[S'A5";5"]SV?(n In this paper, I adapt the obstruction theory of Fédérer [F] to obtain some calculations of the homotopy groups of EM, where M is any connected sum of r > 2 (closed) aspherical (combinatorial) manifolds of dimension n > 3. Specifically:
(1) For 1 < q < n -4, -nqEM s © rr\ t"+?(5'""1), hence is finite.
(2) For n > 4, trn^3EM is a quotient of ©¿~J v2n-3(S"~l), and is finite. (3) tTn_2EM is infinitely-generated as an abelian group. For the case n = 3 and /• > 3, I show that infinitely many of the generators of itx{EM) can be realized as isotopies (which can be taken to be diffeotopies) of M. Therefore: (4) For n = 3 and r > 3, w,(Homeo(A/), idw) and 7r,(Diff(M), idM) are infinitely-generated.
The construction of these isotopies is very explicit. The results (1), (2) , and (3) appeared in my dissertation, submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy at the University of Michigan. I wish to thank my advisor Professor Frank Raymond for his patient encouragement and helpful suggestions. I also wish to thank the referee for suggesting several significant improvements to the manuscript of this paper.
Here is a description of the program I will use to make these calculations. Let Y be a CW complex and let Yk denote its fc-skeleton. 
It is easy to produce from this diagram a long exact sequence:
and Dq is induced by 3: vq+l(Yir2j3*) -> nq(YlY-Y\ In §1, under certain assumptions on Y, we will identify Jq and K as cohomology modules of Y and discuss the boundary homomorphism Dq. In §2, we list the properties of connected sums of aspherical manifolds which allow explicit calculations of the modules to be made. The results called (1), (2) and (3) above are obtained in §3, and the isotopies of 3-manifolds are constructed in the final section. can be described as follows [F, pp. 346-347] . Let <w> G Tg+x(YlB,C]); then w is defined on the subset B X /* X / c Y X Iq+1. Extend w to A X Jq u B X Iq+1 using the projection map to A. By the Homotopy Extension Property applied to the pair (A X Iq X (1), A X dlq X {1} u B X Iq X {1}), we obtain an extension to all of A X Iq+X. If u denotes the restriction of this extension to A X lq X {0}, then <"> = 3<w>.
LB. Calculation of Jq = coker(^+1(T1>'2'y'1) -» -rrq+x{Y^2-<%. All cochains and cohomology will be with local coefficients. We will denote by proj^ the projection map from Y X Iq+X to Y, or its restriction to any subspace of Y X Iq+i. Let * G Y° be the basepoint of Y.
Proof. Let (/> G w +1(ylir ,0'); then/|y2xa/,+. = proj^,. By assumption we may choose/so that/| rox/,+ . = projy. Consider the difference cochain dq+2(pTojy,f) G Cq+2(Y2 X Iq+\ Y2 X dlq+l; irq+2Y) « C\Y; nq+2Y). We have Sdq+2(pTojy,f) = cg + 3ÍPT°}y) ~ Cq+Áf) = 0 since both proj and / admit extensions to Y2 X Iq+1. Thus we may define rf,</> = {dq+2(pTO)y, f)} G H\Y; irq+2Y). Changing/ by a homotopy on y° X /*+1 alters dq+2(proj ,f) by a coboundary so dx is well defined, and it is easy to see that dx is a homomorphism which vanishes on image(77-(?+1(y[r Y ])). If £?,</> = 0, then/| YiXI,+ < is homotopic to proj^, so </> G image(w9+,(y[>'2,>''1)); thus dx: Jq^> H\Y; trq+2Y) is injective. Given {c} G H\Y; irq+2Y), define/: Yl x Iq+l -> Y so th&tf\yox/,+, = proj^, and </|oX/.*.> = c(a) for each a G Y1 -Y°. Since 8c = 0,/extends to Y2 X Iq+\ and </,</> = {c}. Therefore J, is surjective. We must show this assignment is well defined. Suppose </{> is another homotopy class with f'x\Yn^ix/, = proj^ and f[^f (reí Y1 X Iq). Then /, ~/~/,' (rel y1 X Iq) and we must show /, »/¡ (reí Y"'2 X I"). For n = 3, this is automatic, so assume n > 3. Let G: Y X Iq X I -» Y be a homotopy from /, to /,'. Inductively, for 2 < k < n -2, suppose G|r*-ix/,+ i = proj^. Then {<*<,+i)+*(P">j,, G)} G H\Y; n{q+X)+kY) = 0 so G is homotopic (rel y X dlq+l) to a new homotopy, also called G, with G|y*x/,+ i = proj^. This completes the induction; thus/, a/¡ (rel y""2 X /«) so </"</,> = ¿"</i>. Clearly, </" is a surjective homomorphism. It remains to show */" is injective. Suppose dn(f} = 0. By the preceding argument, we can find </,) with/,|r»-ix/, = proj,, </"</,> = 0, and/^/, (rel Yl x I"). Let #:/=*/, =*prcg, (rel y' X /«).
Letting g = //|y.2X/,+i, we have </> = 3<g>, so </) represents the zero element ofÄ,. D I.D. An important example. The following example illustrates the techniques we use for computing homotopy groups of mapping spaces, and it is pertinent to the manifolds we will be considering. Let X = S"~l X I. We regard it as a cell complex with six cells: two 0-cells * X {0} and * X {1}, one 1-cell a = * X I connecting the 0-cells, two (« -l)-cells S"~l X {0} and S""1 X {1}, and one «-cell t. Letting C = 3^, B = a u 3A", and A = X, the fibration of § 1 .A becomes
It is not difficult to observe that xiaudx'dx] = Ar[<,,3°1 =s SIX and, because the attaching map of t is null-homo topic, that xlx'auax] s* Ü"X. Therefore the homotopy exact sequence for the fibration becomes It is a lengthy exercise (written out in [M2] ) to check that, up to sign, Dq(u) equals the Whitehead product [z, u] where z is a generator of irn_x(X) sa Z.
For the calculations of § §3 and 4, we should describe the isomorphisms dx: +Ax[ou*x,SX]) m ^¿x) and dn: v^*"»***) -nn+q(X) more explicitly. Let/: (a u dX) X Iq+1 -> X represent an element of wq+x(Xlaudx'3xt); then the restriction of / to 3* X Iq+l u (a u 3*) X 3/,+ 1 equals the projection map to X. We define </,</> to be the value of the difference cochain dq+2(f, proj^) on the (q + 2)-cell a X Iq+l. The definition of dn is similar.
2. Connected sums of aspherical manifolds. The letter M will always denote a connected sum MX#M2# ■ ■ ■ #Mr of r > 2 closed aspherical manifolds of dimension n > 3. We note that mxM = ttxMx * itxM2 * • • • « irxMr is torsionfree, since each 7r,A/, is (being the fundamental group of a finite-dimensional aspherical complex).
2.A. The homotopy groups of M. We will state some results and notation to be used later. Except where otherwise noted, detailed proofs may be found in [Ml] .
The following theorem extends Bloomberg's [B] description of the universal cover of a connected sum. In dimensions 2« -3<<7<3/i-6 the first Whitehead products appear. As above, we have ttn_xM = © 'I,1 ©geir t"-\(Sg), and we may choose generators z'g of v"_l(Sg) so that gxz'g = z'g g. For each (a, ß) E. tt X tt and 1 < i,j < r -I, let Z'J$ De a generator of w2n_3(S'^¿), where S^f/s is a copy of the (2« -3)-sphere mapped to T in such a way that the induced homomorphism sends z'Jß to the Whitehead product \zla, zJß]. We will always exclude the case of both / =j and a = ß. In all the remaining cases, according to Hilton [H2] , the image of *m{S¿¿¡) is a direct summand of mmT for all m, and it will be regarded as a subgroup. Moreover, using direct limits again, there is a direct sum decomposition when 2« -3 < q < 3n - The action of 77 on ir2"_3(A/) satisfies g ■ zj;£ = zg'™gß. Now let T be a subset of m having the following properties:
Leer.
2. For every g G ir with g ¥= e, exactly one of g and g ~ ' is contained in I\ Since w is torsion-free, the second condition makes sense. In [Ml] the following was proved. Remark. This holds for q = 0 also, since i7,M is centerless. Proof of the theorem. This will be a consequence of Lemma 2.B.2. Suppose g: M1 X Iq -> M and g\M'xdIi = projw. Then g is homotopic (rel A/1 X 3/9) to a map g, with g\\MoXI, = projw.
Deferring the proof of the lemma for a moment, we consider an element </> G irqEM. Then /: M X Iq -> M with /|Wx8/, = proj^. Applying the lemma License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use to f\M'x/i> we can homotop f\MiXJ* and hence / (rel M X dlq) so that /|.x/« = prqjV Thus ev#</> = </(* X /')> = 0 G -nqM. D Proof of Lemma 2.B.2. For q = I, </(* X /)> is central in ir,(M, *), which has trivial center, and the result follows easily. Assume q > 2. Consider d = dq(projM,g) G Cq{M X Iq; irq(M)). We have 8dq = c,+ 1(projM) -cq+x(g) = 0 since both extend to the (q + l)-skeleton. We will show that Sdq = 0 only if dq([* X I"}) = 0.
We may assume that the paths used to define the local coefficient system are the unique paths in some maximal tree in the 1-skeleton of M. Let a be a 1-simplex in the tree with 3a = t -*. Therefore the image of t X /' is a null-homotopic ^-sphere based at t, so we can homotop/(rel M X dl9) so that/|Mox/, = proj^, which was to be proved. □ 2.C. A cell structure for M. We describe a cell structure for M that will facilitate our calculations. We will now determine ker />"_3 and coker F>"_3 using the results and notation of §2.A. For q = n -3, we have [z'e, zJy] = z¿fy, so
given on generators by Dn_3(0, . . . , (z^)" . . ., 0) = {z¿fy} (where ( ), indicates that z}y appears in the /th slot) in all cases except both y = e and / = /*. We will describe the inverse image of each of these summands in order to determine the kernel and cokernel of D"_3. Let B'_3 = ker(Z)"_3|^ _m = [zj,_]: ir"_,(Sj)^ ir2n_3(S;)), which is 0 if « is odd and has index < 2 if n is even. Let C"'_3 = coker(Z)n_3|w (S/}), which is well known to be finite. Observe that ©Í-." ©,er <b-¿$g) is in the image of F>"_3 since Dn_3(0, ..., (zy% • • • , 0) = {z¿-'y}, and the inverse image of {z'e''y} consists of (0, . . ., (zy)¡, . . . , 0) and (0, . . . , (-l)"_1(z^_,)" . . ., 0). Therefore the kernel contains ©y6r (Z)y, where (Z)Y sZis generated by (0, ... , (z^ -(-l)""^.,),., . . ., 0). Explicitly, we have 
4.
A. Isotopies of S2 X I. Let X = S2 X /.We regard 52 as the unit sphere in R3. Since SO(3) preserves 52 we have SO(3) c HS2 (it is actually a deformation retract [K] ). Let SO (2) (2), id, id) be the path such that t(/) is rotation through an angle of 217/; then t represents a generator of 77,(50 (2)) a Z (and hence represents a generator of 17,(50(3)) = Z/2Z). We will now use the results and notation of §l.D. We define a level-preserving homeomorphism /: X -> X by fix, s) = (t(s)(x), s). Assuming that the l-cell a equals (0, 0, l) X /, we see that/ represents an element of i70(A'[Ar'3*u''1) at tr3(X) » Z. It is known that the difference class d3(f, id^) is a generator of this group (see [HI, p. 85] 4.B. The 3-manifold Z. Let Xx and X2 be two copies of 52 X /, and let B = D2 X I. Let Z denote the 3-manifold-with-boundary obtained by identifying Dx = D2 X {0} with a disc in 52 X {1} c 3*, and D2 = D2 X {1} with a disc in 52 X {1} c dX2, by orientation-reversing homeomorphisms. We assume these discs do not contain the 0-cells a, n S2 X {1} c dXx and o2n52X{l}c dX2. We will use 5, to denote 52 X {0} c dXx and 52 for 52 X {0} c 3*2. Let 53 denote the remaining boundary component of Z, so that the oriented boundary of Z is 3Z = 5, (J 52 u ( -53) . We choose a nice collar neighborhood X3 of 53 so that a, n X3 = a, has the form (a, n 53) X / = (0, 0, 1) X / and o2(~) X3 = a2 has the form (a2 n 53) X / = (0, 0, -1) X /. We will define two isotopies of Z. The isotopy G is defined by We make the important observation that G0 is isotopic to H0 by an isotopy which is fixed on a, u o2 u 3Z. This observation appears in the thesis of Hendriks [HI, p. 103].
We will now construct a nontrivial element of Trx(Ziz,dZ^). Let a = a, u a2 c Z. Now Z ä 5, V 52, so using the results of Hilton [H2] we may write i72(Z) » i72(5,)
© "2(^2) and ^(Z) = i73(5,) © i73(52) © i73(5, j) where 5U is a 3-sphere. Let z,, z2 be generators of i72(5,) and i72(52), respectively, such that the homotopy class represented by the oriented sphere 53 equals z, + z2 G i72(Z). Then the Whitehead product z, 2 = [z,, z2] corresponds to a generator of i73(5,2) c ^(Z). Let z," 1 < / < 2, be the generators of 7r3(5,) so that [z" z¡] = 2z,,. We have //'(Z, 3Z; i72Z) =ZffiZffiZffiZ where the summands are generated by the cocycles did, 1 < i,j < 2, such that di{ai X I] = zy and d¡j{ak X I] = 0 if k ^ /. We also have H3(Z, 3Z; i73Z) a i73(Z) s Z © Z © Z generated by the cocycles c,,, c22, and c, 2, where c, ,([Z, 3Z]) = z,, and so on. Let c2 , = c, 2. As in §3.B, it follows that the homomorphism D0 is given by D0(d¡j) = c,^ if i =¿=j while D0(du) = 2c,,. Therefore the kernel of D0 is generated by dX2 -</2,i-From the discussion of F: AT X / -> X, we have i/,<//|0> = */,_, -i/22. To find dx(G\a}, we see from the definition of G that dx(G\a}([ox X I]) = z, + z2; hence ¿,<G|"> = </,_, + rf,2 + ad2 , + )8i/22 for some a, ^ G Z. Since G0 is isotopic to H0 with a held fixed, we have D0(dx((G\a})) = /^(é/,«//!,,))) = 2c,, -2c22. From our formula for D0 we also have D0(dx«G\a})) = D0(dhX + du2 + adxx + j8áy) = 2c,, + c,2 + ac2, + 2ßc22;
hence a = ß = -1 and i/i«G|0»([a2 X /]) = -z, -z2. The identity map of Z is isotopic to G0 ° //0~ ' by an isotopy which is fixed on a u 3Z. Define an isotopy /: Z X I -, Z so that for 0 < / < \, J is such an isotopy, while J(z, t) = (G2(_, « H2l]_x)(z, t) for \ < / < 1. Then7 is a loop in Homeo(Z) and regarding/
